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ABSTRACT: We study flavour violation in a supersymmetric SO(10) implementation of the
type Il seesaw mechanism, which provides a predictive realization of triplet leptogenesis.
The experimental upper bounds on lepton flavour violating processes have a significant im-
pact on the leptogenesis dynamics, in particular they exclude the strong washout regime.
Requiring successful leptogenesis then constrains the otherwise largely unknown overall
size of flavour-violating observables, thus yielding testable predictions. In particular, the
branching ratio for 4 — e lies within the reach of the MEG experiment if the superpartner
spectrum is accessible at the LHC, and the supersymmetric contribution to £ can account
for a significant part of the experimental value. We show that this scenario can be real-
ized in a consistent SO(10) model achieving gauge symmetry breaking and doublet-triplet
splitting in agreement with the proton decay bounds, improving on the MSSM prediction
for az(mz), and reproducing the measured quark and lepton masses.
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1 Introduction

Neutrino masses presumably arise at a scale much larger than the electroweak scale. If
this is the case, a model-independent effective description of neutrino masses is possible
at lower scales in terms of the dimension 5 operator l;ljh,h,/A [1], where I; is the i-th
family lepton doublet, h,, is the Y = +1/2 Higgs doublet and A is the scale at which the
operator is generated, which can be as large as 10'® GeV. While this effective description is
essentially unique, the high-energy mechanism leading to the above dimension 5 operator
is not. Generally, it is assumed to arise from the tree-level exchange of SM singlet fermions



(type I seesaw mechanism [2]). In this case, the low-energy information from lepton masses
and mixing only determines 9 out of the 18 high-energy seesaw parameters. Due to this
arbitrariness, it is not possible to make definite predictions for the lepton asymmetry
generated in the decays of the heavy singlet neutrinos [3], nor, in supersymmetric models,
for the lepton flavour violating (LFV) effects induced by their Yukawa interactions [4].

On the other hand, the exchange of singlet fermions is not the only possible origin
of the l;ljhyhy /A operator. In this paper, we consider the exchange of an SU(2)y, triplet
scalar with Y = £1 (type II or triplet seesaw mechanism [5]). More precisely, we consider
the SO(10) [6] implementation of the triplet seesaw mechanism proposed in ref. [7], in
which all flavour parameters contributing to low-energy observables are determined in
terms of the SM fermion masses and mixings.! This allows to make testable predictions for
these observables, up to a few unknown flavour-blind parameters. Particularly interesting
is the possibility [7] of accounting for the baryon asymmetry of the universe via triplet
leptogenesis. In usual type II models, it is necessary to introduce additional triplets or
singlets in order to provide a rich enough flavour structure to induce a non-vanishing
CP asymmetry in triplet decays [8]. This brings back into the game a number of flavour
unknowns. On the contrary, in the scenario that we consider, the additional states are heavy
quarks and leptons whose masses and couplings are determined in terms of low-energy
parameters through SO(10) relations. The generated baryon asymmetry then directly
depends on the light neutrino parameters.

In this paper, we pursue the exploration of this scenario by studying the flavour- and
CP-violating effects induced by the couplings of the heavy states to the MSSM squarks
and sleptons. Assuming flavour-universal soft supersymmetry breaking terms at the GUT
scale, flavour-violating observables are predicted up to a few unknown scale parameters
and to a mild model-dependent uncertainty, thus allowing to test the scenario. Besides
the contributions of the type II seesaw triplet and of its SU(5) partners already studied
in ref. [9], the presence of heavy quarks and leptons gives rise to additional contributions
to the slepton and squark soft terms. In particular, they induce flavour and CP violation
in the slepton singlet and squark doublet sectors, which were absent in the SU(5) type II
seesaw model.

The paper is organized as follows. In section 2, we present the main features of the
SO(10) scenario we consider. Section 3 contains a qualitative discussion of its predictions
for flavour and CP violation. Model-building aspects including gauge coupling unification,
doublet-triplet splitting and proton decay are briefly discussed in section 4, and addressed in
greater detail in appendices A, B and C, where the main ingredients of a realistic model are
given. Section 5 presents our numerical results. Finally, we give our conclusions in section 6.
The superpotential of the model, the boundary conditions for Yukawa couplings and soft

terms and a subset of the renormalization group equations are displayed in appendix D.

! Actually, the higher-dimensional operators needed to account for the measured masses of down quarks
and charged leptons may affect this relation between high-energy and low-energy flavour parameters. We
argue in section 3.3 that the impact of this on physical observables is generally small, and neglect it in the
following.



2 SO(10) unification with type Il seesaw mechanism

We consider a supersymmetric SO(10) scenario with matter fields in 16 and 10 repre-
sentations and type II realization of the seesaw mechanism, in which soft supersymmetry
breaking terms arise at the GUT scale or higher. Since we are interested in the flavour-
violating effects induced by the physics responsible for neutrino masses, we assume that
the soft terms are flavour universal at the GUT scale.

Let us first describe the field content. In terms of SU(5) multiplets, the three families
of SM fermions are described by SfU(S) &3] IOfU(5), i = 1,2,3. In conventional SO(10)
unification [6], 5§U(5) and 10§U(5) are unified in a single 16?0(10) together with a singlet
(right-handed) neutrino participating in the generation of light neutrino masses through
the type I seesaw mechanism. In this paper, we consider the alternative possibility that
10?U(5) is embedded in a 16?0(10), while ng(5) belongs to a 10?0(10) (for similar or related
approaches, see ref. [10]). Having done this choice, we drop from now on the “SO(10)”
superscript on SO(10) representations, and indicate the embedding of SU(5) representations
into SO(10) representations by a superscript: for instance, 519 is contained in 10;, while
516 belongs to 16,. Besides the three 16; and 10; matter multiplets, the model also involves
a 10, a 16 and a 54 Higgs multiplets. These are needed in order to generate the quark
and charged lepton masses, as well as the neutrino masses through the type II seesaw
mechanism. The corresponding SO(10) superpotential reads:

W = Wyukawa + Wseesaw + Waur + Wnonren.7 (21)
1
Wyukawa = §yij16,~16j10 + hijlﬁil()jlﬁ, (2.2)
1 1 1
Weoosaw = ifij1oi10j54 + 50101054 + 5 M5,542 (2.3)

where WauT, whose explicit form is given in appendices A and B, contains the terms
responsible for SO(10) symmetry breaking and for the doublet-triplet splitting, and Wyonren.
includes the non-renormalizable operators needed to account for the measured ratios of
down quark and charged lepton masses. The role of the 10, 16 and 54 representations is
the following. The 10 contains the Y = +1/2 MSSM Higgs doublet h,, responsible for up
quark masses. The 16 plays a double role: it shares the Y = —1/2 MSSM Higgs doublet hy
with the 10 and (together with its 16 companion) it reduces the rank of the unified gauge
group down to 4 through the vev of its SU(5)-singlet component; moreover, this vev pairs
up the spare 5}6 and 5}0 and gives them a large mass, leaving only the 5}0 massless. The
54 contains the SU(2)y, triplet mediating the type II seesaw mechanism. The three singlet
neutrinos contained in the 16;, on the other hand, do not couple to the light neutrinos at
the renormalizable level. Assuming for definiteness that they acquire GUT-scale masses
(e.g. from couplings 1,16,16 to three SO(10) singlets 1;), we can completely neglect their
contributions to the light neutrino masses, if any, and we are left with a pure type II
seesaw mechanism.

In writing egs. (2.2) and (2.3), we assumed that the superpotential is invariant under
a matter parity, with the matter fields being the 16; and the 10,. We also required the
absence of mass terms of the form 10;10; and of additional interactions that would induce



a vev for the 54, in order to prevent a mixing between the 51° and the 5}6. The absence
of such a mixing ensures that the light neutrino masses arise from a pure type Il seesaw
mechanism, and is a crucial feature of the scenario. The scale of light neutrino masses
requires Mss to be smaller than the GUT scale; it is therefore natural to assume that
this mass term arises at the non-renormalizable level, while it is forbidden or small at the
renormalizable level. Furthermore, the leptogenesis scenario proposed in ref. [7] requires
that the 2454 component of the 54 be heavier than the (15 @ 15)%4 one. We refer the
reader to appendix C for the discussion of the splitting of the 54.

The degrees of freedom surviving below the GUT scale are the MSSM states, which
are massless before electroweak symmetry breaking, three heavy pairs of vector-like matter
516 & 510 and the components of the 54, which are also heavy. The light MSSM fields
and the heavy ones are embedded in the SO(10) representations of the model as follows:

16; = 10} © 5% 1}¢ =
10; = 5/°®5;° =

(g, uf, €f) ® (Df, L) @

(di, ;) @ (Df, Ly)

54 = 2454 91554 ¢ 157" = (ST O,V,\V)a (A, Z2)a (AL, Z), (24)
10 = 519 ¢510 = (-++,co80phg) @ (-, hy),

16 = 10'¢ ¢ 56 5116 = @ (- ,sinfghg) ® -,

where dots stands for heavy fields which have been integrated out at the GUT scale (this
includes in particular the coloured Higgs triplets mediating D = 5 proton decay). We have
introduced an angle 0y parametrizing the mixing among Y = —1/2 Higgs doublets (0 <
O < /2 with no loss of generality) and assumed that the Y = +1/2 MSSM Higgs doublet
entirely resides in the 10, so that all components of the 16 are heavy (see appendix B for
an explicit realization of this). The SU(3)¢ x SU(2); x U(1l)y quantum numbers of the
54 components are A = (1,3)11, ¥ = (6,1)_9/3, Z = (3,2)11/6, S = (1,1)0, T = (1,3)o,
O = (8,1)g and V' ~ (3,2)_5/6, while the heavy L; and Dj obviously carry the same
quantum numbers as the light /; and df. After breaking of the SO(10) gauge symmetry,
the heavy quark and lepton fields acquire Dirac masses (M Dc)iijD]C~+ (Mp)ijLiLj, where,
at the renormalizable level and neglecting the renormalization group running below the
GUT scale:

(Mpe)ij = (Mp)ij = hiiVi, (2.5)

in which V; is the vev of the SU(5)-singlet component of the 16. As for the SM fermion
masses, they are given by (again neglecting corrections from non-renormalizable operators
and the RG running of the Yukawa couplings):

(My)ij = YijVu
(Me)ij = SiH@Hhijvd, (2.6)
(Md)ij = sinHHhZ;vd,

and the neutrino masses are given by the type II seesaw formula:

(My)ij = —




Note that the down quark and charged lepton masses, which satisfy the SU(5) relation My =
MY at the renormalizable level, are proportional to sinfy, the Y = —1/2 Higgs mixing
parameter.’ Due to the way the SM fermions are embedded into SO(10) representations,
the up quark mass matrix is not correlated with the down quark and charged lepton mass
matrices as in conventional SO(10) models, which accounts in a natural way for the stronger
mass hierarchy observed in the up quark sector.

The role of the SO(10) symmetry is to relate the masses and couplings of the heavy
matter fields (L;, L;) and (D¢, Df) to the ones of the light fermions, thus allowing to predict
their contributions to observables such as the baryon asymmetry of the universe and the
rates of flavour-violating processes. Indeed, egs. (2.2)—(2.3) and (2.5)—(2.7) show that
all flavour parameters involved in the superpotential, as well as the masses of the heavy
matter fields, are determined by the SM fermion masses and mixings, up to flavour-blind
factors and to the non-renormalizable contributions needed to make My # MZI. On the
contrary, in conventional SO(10) models where neutrino masses arise from the type I seesaw
mechanism, the Lagrangian below the GUT scale also depends on the flavour parameters
encoded in the so-called R matrix [11]. The SO(10) scenario studied in this paper therefore
has a higher predictive power. As for the unknowns associated with the non-renormalizable
operators in Whionren., we will argue in section 3.3 that they are unlikely to affect our results

in a sizable way.

3 Flavour and CP violation

3.1 General structure of radiative corrections to the MSSM soft terms

The f;;10;10;54 interactions introduce a new flavour structure, directly related to the light
neutrino masses, on top of the MSSM one. As noted in ref. [12], this can be considered as
a truly minimal extension to the lepton sector of the minimal flavour violation hypothesis
in the quark sector, which does not rely on flavour basis dependent assumptions. In any
case, the f;;10;10,54 interactions give rise to new flavour- and CP-violating effects at low
energy because of their well-known impact on the MSSM soft terms through radiative cor-
rections [9]. In addition, the y;;16;16;10 interactions induce new flavour and CP violation
in the slepton singlet sector due to the presence of heavy lepton doublets in the 16;, as we
are going to see.

In order to compute these effects, we must write the renormalisation group equations
(RGEs) for the MSSM parameters and integrate them. Before doing so, let us note that
the [; and L; fields can mix, since they have the same quantum numbers after breaking of
the SO(10) symmetry (and similarly for the df and DY fields). Hence, the superpotential
mass term for the lepton doublets reads, in full generality, L;(Mf,);;L; + 1;(M;)i;L;. The
second term was omitted previously since M;;, vanishes at the tree level, while My, is given
by eq. (2.5). At one loop, however, wave function renormalization induces a small [;-L;

2This offers the possibility of explaining the smallness of the bottom/top mass hierarchy for moderate
values of tan § in terms of a small Higgs mixing angle 0. For reasons explained in section 4.1, however,
we shall not use this possibility here.



mixing:

sin 20 Mgur
M) ~ ———2 (Mpyth)iil . 3.1
(ML) 3972 (Mpy'h)i n( 0 (3.1)

This in turn necessitates a redefinition of the heavy and light lepton doublets, which affects
all couplings involving lepton doublets. However, the size of the effect is small (especially
for small or moderate tan (3), and we shall neglect it in the following.

Before solving numerically the full 1-loop RGEs, let us illustrate the main features of
the results by using the leading-log approximation for the exchange of the heavy degrees of
freedom. In order to be able to identify each contribution, we assume that all components
of the 54, namely S, T', O and the vector-like pairs (V, V) (A, A), (£,%) and (Z, Z) have
different masses (the mass My of the (Z, Z) vector-like pair should not be confused with
the Z boson mass myz). We also consider the possibility that Mpe # My, but ignore the
effect of corrections to the mass relation My = MT. Let us denote by m2s and m?2, the
universal soft terms for the three families of 16; and 10; matter fields at the GUT scale; by
m§4, m%6H and m%OH the soft terms for the 54, 16 and 10 SO(10) multiplets; and by ag the
universal A-term (defined by A, = agz, where x is any superpotential trilinear coupling
x). Using the RGEs given in appendix D, we obtain (in matrix form):

1 3, M3 3. M2
mi = (m])mssm — e (2miy +m2, +af) f1 [iln% + 20 Ang
A Z

3 M2 3 M2 3 M2
+ - ——=—— GU}; C oI —— GU:; -+ oln— GLE[T " } f, (3.2a)
47 MZ+MIM; T 200 M2+ MIM; 20 M2+ MD M,

2 2 1 2 2 2 MéUT MéUT
mdc = (mdc)MSSM — W (2m10 =+ m54 =+ ao) f 21n M2 =+ ln M2
> Z
M2 4 M2 1 M2
b Mo Ay Mew Ly, M } 7t (3.2b)
MZ+ MM, M + M}, M, M2+ MM,

In contrast to the well-known type I seesaw case, the flavour-violating corrections to ml2

are determined by the light neutrino mass matrix, with no ambiguity due to high-energy
flavour parameters. Therefore, while the absolute rate of a given LFV process is not known,
the correlations between different LFV channels are predicted with little uncertainty (at
least if the contributions of the slepton singlet sector, to be discussed below, are subdomi-
nant). The first term in the squared brackets of eq. (3.2a) is induced by the seesaw triplet
interactions and is present in all type II seesaw models. The second term, as well as the
first two terms in the squared brackets of eq. (3.2b), corresponds to the contribution of
the SU(5) partners of the triplet [9]. The additional terms in m? and m?2. are due to the
presence of heavy leptons and quarks in the 16;, and are characteristic of the model studied
in this paper. In the limit M; = Mpe, Ma = My, = Mz, Mg = Mp = Mo = My, the
correction to the MSSM evolution is the same for m? and (m?2.)T, as dictated by the SU(5)
invariance of the interactions from which they arise.

Another difference from other type II seesaw models comes from the corrections to the



MSSM running of m2. and mgz

m2. = (m2)mssm — % (2m2 +mj3 +a2) y |2In Méur Yyl (3.2¢c)
e e¢ (471')2 16 ha 0 MzMg ’ ’
2 2
cos” 0y M
mg = (mg)MSSM — 7(47[_)2 (Qm%G + m%d + a%) er |:1n 7GUTJ‘[ :| Y, (3.2d)
MDC DC

where m%d = cos’0y m%o . sin?0 g m%ﬁ - These are controlled by the up quark Yukawa
couplings (evolved at the high scale). While the corrections to mg do not represent a
deviation from the minimal flavour violation structure of the MSSM radiative corrections,
the corrections to m?2 are similar to the ones induced above the GUT scale by the top
quark Yukawa coupling in SU(5) models [13], although their origin is different.

3.2 Analytic approximations for the mass insertions and CP violation

In order to be able to quickly estimate the size of various flavour- and CP-violating ob-
servables, it is useful to provide analytic expressions for the mass insertions parameters

(@ # 7) [14):

(m7)ij (me)ij (Ae)ijv
071)ii = » Orr)ij = —=5—, kp)ij = ——, 3.3
(67.)ij ™, (0%R)ij w2 (0RL)ij e, Men (3:3)

where T, (Tey,) is an average doublet (singlet) slepton mass, and analogous quantities
are defined in the up and down squark sectors. These parameters can be straightforwardly
derived from egs. (3.2) and (3.2¢), but some care is needed regarding CP-violating phases.
Even if we take real boundary conditions for the soft supersymmetry breaking parameters
at McyT, we will end up with complex soft terms at the weak scale because their RGEs
involve complex couplings. These couplings contain, in addition to the CKM and PMNS
phases, extra CP-violating phases inherited from the SO(10) structure. In order to identify
the latter, it is useful to write the SO(10) Yukawa couplings in an appropriate basis for the
SO(10) matter multiplets 16; and 10;, namely:?

y = Ul D,U,, h = Dy, f = U'DUT, (3.4)

where
U, = Diag(eiw,e@g,emg)VDiag(eiq)tli,emg,eiq)g) . (3.5)

In egs. (3.4) and (3.5), Dy, Dy, Dy are real diagonal matrices, U and V are the PMNS and
CKM matrices in the standard PDG parametrization (extended to include two “Majorana”
phases p and o in the PMNS case), and ®%, ®¢ (i = 1,2,3) are extra SO(10) phases, five
of which are independent (one can impose e.g. ®§ = 0). For simplicity, we neglect the
effects of the non-renormalizable operators needed to correct the mass relation My = M eT ,
and we therefore also assume Mpe. = My = D,V;. Below the GUT scale, we are free to

3In the following discussion, we neglect the effect of radiative corrections in the Yukawa sector. This
allows us to disentangle the CKM and PMNS phases from the extra SO(10) phases, which would otherwise
be mixed by the renormalization group running.



rephase independently the MSSM fields so that the Yukawa couplings A, 4. and fa only
contain CKM and PMNS phases; however, the extra SO(10) phases will reappear in other
couplings, such as Mg and fz, which enter the RGEs for the MSSM soft terms (we refer
to appendix D for the definition of the superpotential couplings below the GUT scale).
The outcome of this is that the mass insertion parameters depend on the phase differences
oY — CID? and <I>§l - @? in addition to the 4 low-energy phases o s, OpvNg, p and o.

We are now ready to write the mass insertion parameters (516\}[%’\1,‘ )ij (M, N = L, R) in the
leading-log approximation, assuming for simplicity Ma = My = My = M5, Mg = Mp =
Mo = My = My, a common soft supersymmetry breaking mass my for all SO(10) chiral
multiplets and, as before, a common A-terms ag for all superpotential trilinear couplings.
We obtain:

3mg + |ao|?
167%(07 )iy =~~~ C}j. (3.6)
€L
2(3m2+]a0\2) (Pl _gpd .
16m%(0f)ij = — =g TN (O, (3.7)
€R
3a Cd_pd .
16m* (0501 )ij =~ — g [ me, €5+ 30D (), | (3.8)
€L''"ER
3m3 + |ao)?
167 (071 )ij ~ — = —— [(CQESM)U + CZA]] ; (3.9)
dr,
3mg + laol®  j(@d—ad x
167% (0fep)ij ~ = g - P (of ), (3.10)
dr
205d . A 3ag A M (@L—D) |~ f
16m°(0k )ij ~ — 5 {mdi |:(CMSSM)U +3C75; } + " T (C) mdj}7 (3.11)
dy' ' "d
2/ su 3mg + |aol? A —2i(@U—DY) A
167767 )ij ~ — 2 |:(CMSSM)Z']' +e ¢ D,f} , (3.12)
ur,
1672 (8% R)ij ~ 0, (3.13)
3CL _9:(PU_PU
167 (Syr)ij ~ — ﬁ My, |:(CI\)/\I%SM)U + e 2O P)) D?j‘} : (3.14)
ur'""uRr

where the dependence on the low-energy flavour parameters and phases is encapsulated in
the coefficients (CﬁgSM)ij, (CI\’\@SM)U, Cifj, C;‘j“ and DZ);“ The first two correspond to the
CKM-induced MSSM contributions and are given by:

M2 % M2
Spn) | (Cldawdis = S A3 VeV i (Y92 ), (3.15)

2
my my

(Ctsn)is = A VWi In (

where terms suppressed by A./\; have been neglected in (CQgSM)ij. The other three coef-
ficients correspond to the contributions of the heavy states present below the GUT scale
and also contain a dependence on their masses. The one that involves the seesaw couplings
is given by:
M2 12 M2
Ol = 3071 n (SHE) + B T, fosfos (5555 (3.16)

* M2 * % M2
= 3%, F2URUS, ln< ﬁg‘f) 2 A URUS S, UaUs In (ﬁ) ,




where f; = (2Ma /ov2)m,, and the M5, (a = 1,2,3) are the common masses of the heavy
quarks and leptons, and the coefficients that involve the up quark Yukawa couplings read:

M,

g;éjT) , _D;;“ = COSZHH)\ui)\Uj Za % ‘/ja In (M

2
A;;gT) . (3.17)

C’;‘j“ ~ COSZHH)\%V;;‘/U In < a0z, i
where terms suppressed by A\./\; have been neglected in CZ);“ Due to this (very good)
approximation, only the CKM and PMNS phases appear in egs. (3.15) to (3.17).

Let us have a closer look at the mass insertion parameters (3.8) to (3.14). In the
up squark sector, the new contributions are subdominant with respect to the MSSM cor-
rections, which are enhanced by tan?3 and by a large logarithm. The situation is more
interesting in the down squark and charged slepton sectors. In the former, the new cor-
rections controlled by the top quark Yukawa coupling are again subdominant with respect
to the MSSM corrections, while they lead to RR flavour violation in the latter. The new
corrections induced by the seesaw couplings, on the other hand, are not suppressed by
small CKM angles and can give rise to large flavour violations in the RR down squark
sector and in the LL slepton sector [9]. One observes the following correlations:

msz(‘S(Ji%R)ij = mgL((giL)ij el CDJ)a (3.18)

M2, (O%r)is = 2R™5 (011)5; eH(®i-2) (3.19)
where R = cos®0y In(M&yp/M3,)/ [ In(M&yr/m%) + cos*0g In(M&r/M2,) . The first
one is characteristic of the SU(5) extension of the type II seesaw mechanism, while the
second one is analogous (although from a different origin) to the one arising from the
running between Mp and Mgyt in the minimal SU(5) model. In the case that the seesaw-
induced corrections dominate, one further has:

O%r)iy < 0n)i, (010 < (O%r)ij (3.20)
. T = = e (P —?
Mg, Mg, (5ks)ij = MM, (87p)ie ™ "0 . (3.21)

Egs. (3.18), (3.19) and (3.21) correlate the size of flavour-changing neutral currents (FC-
NCs) in the lepton and B/K sectors, as well as the charged lepton and quark electric dipole
moments (EDMs), as we are going to see.

For illustration, we give in table 1 numerical values for the leptonic §’s. These values
were obtained by numerically solving the RGEs for the following choice of high-energy
parameters, motivated by the leptogenesis scenario of ref. [7]: Ma = My = My =
Mis = 1012GeV, Mg = My = Mo = My = My = 103 GeV, 0 = 3.4 x 1072,
Vi = Mgur = 2 x 1016GeV and tanfy = 1. For the heavy (5;,5;) masses, we used
Ms,

3

= me,V1/sin0pvg, neglecting SU(5)-breaking corrections. The supersymmetric pa-
rameters were chosen to be mg = M/, = 1.5TeV, ap = 0, and tan 8 = 10 (50), yielding
the following superpartner masses (for tan 5 = 10): M)Z? = 112GeV, M>~<1+ = 218 GeV,
Mz = 723 GeV, sleptons around (1.5 — 1.6) TeV and first two generation squarks around
1.8 TeV (as well as u = 562GeV). Finally, we took the best fit values of ref. [15] for the
measured neutrino oscillation parameters, together with m; = 0.005e¢V and sin®6f;3 = 0
(0.05) for the yet unknown parameters. All phases were set to zero. The resulting values



sin? 03 0.05 0 0.05 0

tan 3 10 10 50 50
0XF] 12.0%x107% | 1.7x107% | 2.0 x 1073 | 1.5 x 1074
I6EF) 118 x 1073 | 1.0x 1074 | 1.9x 1073 | 1.4 x 10~*
05| |57 %1077 | 59%x107% | 6.1 x 107 | 6.3 x 1077
0EF] 1 21%x107° | 211070 | 28 x107% | 4.6 x 1077
|6EF| | 58 x107° | 54 x107° | 1.4 x 107* | 1.2 x 1076
0/ |43 %107 | 43 x107% | 29%x107* | 2.9 x107*

Table 1. Numerical values of the leptonic mass insertion parameters 6%, 0%y for two different
values of sin? #13 and tan 0 and for the choice of parameters mentioned in the text.

of the leptonic mass insertions shown in table 1 can be compared with the bounds coming
from the non-observation of LFV decays of charged leptons (see e.g. refs. [16-18]). Al-
though the sleptons are heavy in this example, the relatively large values of the §’s lead
to a branching ratio for u — ey just below the experimental bound for tan 8 = 10, and
above it for tan f = 50. Using egs. (3.18), (3.19) and (3.21), one can also compare the
figures in table 1 with the constraints on hadronic ¢’s coming from B and K physics (see
e.g. refs. [18, 19]).

From table 1 we can see that the LL mass insertions are the dominant source of
lepton flavour violation in our numerical example, i.e. we are in the situation described by
eq. (3.20). This is due to the fact that the choice made for the model parameters leads
to rather large f;;’s (namely f33 ~ 0.1): a smaller value of the ratio Ma /o would yield
smaller f;; couplings, hence smaller LL leptonic mass insertions, without affecting the RR
mass insertions. We remind the reader that, while the overall size of the f;;’s is controlled
by Ma /o, their flavour structure, up to small RGE effects, solely depends on the light
neutrino parameters. Hence, even though the predictions for LFV processes span many
orders of magnitude due to their strong dependence on the unkown scale parameter Ma /o,
the ratios of rates for different flavour channels are predicted with a mild dependence on
the high-energy parameters, as long as the corrections controlled by the seesaw couplings
dominate. This is precisely the case in our numerical example, in which the dominance
of the LL mass insertions allows to estimate the ratios of LF'V decays, as in usual type 11
seesaw models [9]:

BR(T — ) 105512 BR(T — ym,vy) _ ] 0(100) (sin® 613 = 0) (3.22)
BR(u — e7) 0LL2 BR(p — evevy,) | O(1)  (sin® 613 = 0.05) '
BR(T — e7) I6LL? BR(t — ever,) | 0(0.1) (sin? 615 = 0) (3.23)
BR(u — ev) 0LL2 BR(p— every) | O(0.1) (sin?6y3 = 0.05) ~

where we used BR(T — uv,v;)/BR(n — €VUev,) ~ BR(T — eUev,)/BR(p — €Uev,) ~
0.17. The present upper bound on BR(u — e7) thus excludes the possibility of observing
T — e in foreseeable experiments, while 7 — p7y may be accessible at a super-B factory [20]
if 013 is small. These ratios may change if the SO(10) parameters controlling the masses
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of the heavy states are varied but, as long as eq. (3.20) is satisfied, the dependence is only
logarithmic, while the branching ratios themselves are roughly proportional to (Ma /o).

Let us now turn our attention to CP violation. It is well known that, even if the
“flavour-independent” phases carried by the diagonal A-terms and by the mu term (in
the convention that the universal gaugino mass parameter is real) are absent, significant
contributions to the leptonic and hadronic EDMs may arise from phases carried by flavour
non-diagonal soft terms [16, 21, 22]. In the mass insertion approach, this corresponds
to multiple insertions of §’s. For down quark and charged lepton EDMs, the dominant
“flavour-violating” contribution (coming respectively from gluino and bino diagrams) is
proportional to:

Im[(5£L)i3 (67 )33 (5£R)3i] ~ —ptan Bmp, Tm | (5] ,)is (% 5)si (f=de), (3.24)

in which the suppression due to the double flavour change is compensated for by the
tan 3 my, enhancement. As for the up quark EDM, since (0%p)i; ~ 0 its flavour-violating
contributions are suppressed by small Yukawa couplings or CKM angles, making it much
smaller than the down quark EDM. Together with eqgs. (3.18) and (3.19), this implies a cor-
relation between the electron and neutron EDMs, which depend on the same combination
of phases and flavour couplings:

Im [ @520 cf, Cy | (3.25)

Using formulae available in the literature (see e.g. ref. [23]), one can estimate the size
of the charged lepton and neutron EDMs for the choice of parameters made in table 1.
With the superpartner masses given above and an average slepton (down squark) mass
me = 1.56 TeV (m; = 1.8 TeV), one obtains, for tan 3 = 10:

1

(1.3 x 1072* ecm) Im [ (65 1 )iz (0%z)3: ] » (3.26)

de,
dp ~ (14£0.5) (2.9 x 10722 ccm) Im [(5&)13 (6% )31 | - (3.27)
For the neutron EDM, we used the formula d, = (1 £0.5) [1.4(dq — 0.25d,,) + 1.1e(d§ +
0.5dS)] [24], in which we only kept the dominant gluino contributions to down quark electric
and chromo-electric dipole moments, while we neglected the up quark dipole moments. The
values of the &’s given in table 1, together with [(6¢;)13 (6%p)31| = 2.2 x 1077 (for f13 = 0)
and 3.5x107° (for sin? §13 = 0.05), lead to de < (7x10733—-1073") ecm, d, < 3x107 ecm
and d, < (140.5) (6 x 10729 — 1072") e cm, where the upper ranges correspond to varying
f13 from 0 to its experimental upper limit. These bounds are well below the present
experimental upper bounds (respectively 1.6 x 10727 ecm [25], 1.9 x 107 ecm [26] and
2.9 x 10726 ecm [27]), while some tension with the constraints from LFV processes is
already present for the same values of the §’s. Therefore, taking into account the FCNC
constraints, we do not expect significant flavour-violating contributions to EDMs in the
scenario studied in this paper.?

10f course, “Havour-independent” phases carried by diagonal A-terms or by the mu term may still induce
large EDMs.
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A more promising CP-violating observable is the indirect CP violation parameter in
the kaon sector, ex. A recent evaluation of the Standard Model prediction for ex sug-
gests that its measured value still allows for a significant supersymmetric contribution [28].
In the mass insertion language, the relevant contributions are Im [(6¢, N)lg(éﬁijQ)lg], with
(M,N),(P,Q) € {(L,L),(R,R)} or {(L,R),(R,L)}. Since the LR mass insertions are sup-
pressed by the down and strange quark masses and |(0¢, )12| is suppressed by |V;4Vis|, the
leading contributions to ex (for f33 = 0.01—0.03) are proportional to Im [(6¢; )12(6% 5 )12] o
R~ Im [ei(®1-%9) (C{;)* Chy] and to Im [(0%)3,] o< Tm [2i(P1—®3) (0{5)2], which depend
both on CKM/PMNS phases and on the unknown extra SO(10) phases. As discussed at
the end of section 5, this might account for a significant part of the measured value of k.

3.3 Model dependence related to higher-dimensional operators

Throughout the above discussion, we assumed that egs. (2.5) and (2.6) hold at the GUT
scale, yielding the following relations between the masses of the heavy (L;, L;) and (D¢, DY)
fields and of the SM quarks and leptons:

Vi Vi T

M, = —~ M., Mp = —-— M

3.28
sin O gug sin O gug ’ (3.28)

as well as My = MZ. The last relation is known to be in gross contradiction with the
measured masses of the first two generation fermions, but since the corresponding Yukawa
couplings are small, this can easily be cured by higher-dimensional operators involving
fields with SU(5)-breaking vevs. These operators also affect, in a model-dependent way,
the relations (3.28) between the masses of the heavy and light matter fields. Moreover,
they generally introduce a mismatch between the SO(10) bases in which M, and M, are
diagonal, as well as between the SO(10) bases in which My and Mpe (M. and My) are
diagonal. All these effects have an impact on the running of the MSSM soft terms and on the
resulting flavour violation. However we argue below that, under reasonable assumptions,
their impact on physical observables should remain small.

The first effect, i.e. the fact that the masses of the (L;, L;) and (D§, D¢) fields are
no longer determined by the light fermion masses, introduces only a mild model depen-
dence. Indeed, the heavy masses My, and Mpe enter egs. (3.2) and (3.2c) [or equivalently
eqs. (3.17) and (3.17)] only logarithmically. On top of that, in the case that May > My, pe,
ml2 and m?lc only depend on My, and Mpg, which are presumably little affected by the
higher-dimensional operators, while in the case that Myy > My, pg some model depen-
dence arises from the contributions of these operators to My, and Mpg. As for m2e, it is
dominated by Mp,-dependent contributions.

The second effect, i.e. the mismatch between the mass eigenstate basis of the heavy
and light quark (lepton) fields, introduces new flavour parameters in the model in the form
of unitary matrices connecting a given SO(10) basis to another. As a result, the couplings
of the components of the 10; (namely the l;, d¢, L; and D fields) to the components of the
54 are no longer equal at the GUT scale, when expressed in terms of mass eigenstates. For
instance, fa and fz (see appendix D for the definition of these couplings) now differ by a
(model-dependent) unitary matrix. It follows that the radiative corrections to the MSSM
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soft terms do not only depend on low-energy flavour parameters, but are also sensitive to
these high-energy flavour parameters. However, since the unitary matrices originate from
the higher-dimensional operators correcting the masses of the first two generation down
quark and charged lepton, it is natural to expect that they are characterized by small
mixing angles, thus only mildly affecting the flavour structure of the f;; couplings, which
on the contrary is characterized by large 615 and 623 angles. We shall therefore neglect
this model dependence in the following, and simply input the SU(5) relations (3.28) in our
numerical study.’

For completeness, we list below the D=5 operators which can correct the mass relation
My = M, assuming the field content and pattern of vevs of appendix A:

aqg) (161'16)10(10]‘45172)10 b(~1~’2) (162‘45172)16(10]‘ 16)ﬁ N (16i16)10(10j54')10
ij A v Vi

A ; Cij A )
(3.29)

where the subscripts specify the contraction of SO(10) indices and A is the cutoff. In

eq. (3.29), the non-vanishing vevs of 45; and 459 are along the T3z and B — L directions,
(2
ij
for instance, yields the following corrections to the mass matrices of the heavy and light
matter fields:

(Me)ij = sinfgvg <h,~j - 3cb§?)) , (Mp)i;; =W <hz‘j + 3cb§?)) ,

(M7)i; = sinfpvg <hij - Cbgjz‘)> ; (Mpe)ij = W1 <hij + Cbg?) ,

respectively, and 54’ has a vev in the Pati-Salam singlet direction. The operator b

(3.30)

where ¢ = 2\/% Vp_r/A. Even in the simple case where a single operator (b(?) in this
example) is present, the experimental values of the down quark and charged lepton masses
are not sufficient to fully determine the couplings h;; and bl(?). Hence, the heavy field
masses and the mixing patterns in the four mass matrices are model dependent. As argued
above, however, this is unlikely to affect the radiative corrections to the MSSM soft terms

)

in a sizable way if the couplings h;; and bz(j have a hierarchical flavour structure.

4 Model-building aspects

Before presenting our numerical results for flavour violation in the next section, let us briefly
present the main ingredients necessary to promote the SO(10) scenario studied in this paper
to a realistic model. This includes the dynamics of gauge symmetry breaking, a viable
doublet-triplet splitting mechanism and the generation of the intermediate scales associated
with the components of the 54 multiplet consistently with gauge coupling unification. More
details can be found in appendices A, B and C.

4.1 Gauge symmetry breaking and doublet-triplet splitting

In order to break the SO(10) gauge group down to SU(3)¢c x SU(2)z, x U(1)y, we introduce
two adjoint Higgs representations 45, and 45, with non-vanishing vevs in the T3 and B—L

®We note in passing that there is enough freedom in the higher-dimensional couplings (see the example
below) to account for the measured down quark and charged lepton masses without introducing new flavour
parameters in the model, i.e. with Mg, M., Mpe and M, all diagonal in the same SO(10) basis.
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directions, respectively, and a 54’ which breaks SO(10) down to its Pati-Salam subgroup
(we also introduce an SO(10) singlet). The rank of the gauge group is broken by the (16,
16) pair. A superpotential that enforces this pattern of vevs is given in appendix A. In
this example, all vevs are proportional to a single mass parameter, Mig. Hence, if all
superpotential couplings are of order one, SO(10) is broken down to SU(3)¢c x SU(2)y x
U(1)y in one step. Note that the 54’ cannot be identified with the 54 multiplet involved in
the seesaw mechanism, since a vev of the latter would induce an unwanted 51°/ 516 mixing
(see section 2), and also for reasons related to the doublet-triplet splitting mechanism.

In order to avoid proton decay at an unacceptable rate, we must split the electroweak
doublets from the colour triplets in the 10 and 16 Higgs multiplets. This can be achieved
by a generalization of the missing vev mechanism [29] involving an additional 10" Higgs
multiplet and an adjoint Higgs representation with a vev aligned along the B — L direction,
which is precisely the role of the 45, (see appendix B for details). After SO(10) symmetry
breaking, all colour triplets acquire GUT-scale masses, and a single pair of Higgs doublets
(hy, hg) remains massless, the Y = 41/2 electroweak doublet in 10 and a combination of
the Y = —1/2 electroweak doublets in 10 and 16:

hy = H  hg = cosOgHLY® +sin0yH)®, (4.1)

where the Higgs mixing angle is given by tanfy = 7V1/Mig, with 7 a superpotential
coupling. As discussed in section 2, sinfy # 0 is necessary to give masses to the down
quarks and charged leptons, which live in the 10;’s. Furthermore, the leptogenesis scenario
of ref. [7] assumes that hg contains a non-negligible H}° component (cos 8y # 0).

Since the down quark and charged lepton masses are proportional to sinfy at the
renormalizable level, the top/bottom mass hierarchy could in principle be explained by a
small Higgs mixing, rather than by a hierarchy in the Yukawa couplings or a large value of
tan 8. This, however, would imply rather heavy vector-like matter fields, since according to
eq. (3.28) their masses are inversely proportional to sin . On the contrary, leptogenesis
requires a relatively light (L, L1) pair in order to satisfy the condition for a non-vanishing
CP asymmetry (Ma > 2My,). We shall therefore stick to the case sinfy ~ 1.

4.2 Proton decay

Although all colour Higgs triplets acquire GUT-scale masses through the doublet-triplet
splitting mechanism, their contribution to the proton decay mode p — KT can still exceed
the experimental limit. To suppress it further, one must impose additional constraints on
the combination of doublet-triplet splitting parameters which enters the proton decay rate.
More precisely, one must either arrange some cancellation among these parameters, or allow
a pair of Higgs doublets to lie at an intermediate scale My < 104 GeV (see appendix B.2
for details). In this paper, we choose the latter option, which in turn affects the running
of the gauge couplings and leads us to split the (15 @ 15)%4 and 24%4 multiplets in order
to restore successful gauge coupling unification, as we discuss below.
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4.3 Intermediate scales and gauge coupling unification

The leptogenesis scenario of ref. [7] requires the 15 @ 15 component of the 54 to be lighter
than its 24 component. Actually the full SU(5) multiplets are not needed for leptogenesis:
only the (A, A) pair in 15@®15, which is responsible for the type II seesaw mechanism, and
the S and T fields in 24 (or just one of them) are really necessary. The main reason for using
complete SU(5) representations in ref. [7] was gauge coupling unification. However, we have
seen that the experimental constraint on the p — KT rate can be satisfied by allowing
a pair of Higgs doublets to lie at an intermediate scale, which in turn spoils unification.
As shown in appendix C, this can be cured by splitting the masses of the components of
(15315)%4 and 2454 in an appropriate manner. This also has the advantage of maintaining
perturbativity above the GUT scale, and of avoiding too strong flavour-violating effects in
the region of the parameter space relevant for leptogenesis, where the f;; couplings are
large and induce important radiative corrections to the MSSM soft terms.

Two simple possibilities emerge from the analysis of gauge coupling unification done
in appendix C (the ratio My /Ma = 10 is motivated by leptogenesis):

e model (i): intermediate (A, A), (X,¥) and T, with

Ma = My, Mrp = 10Ma , My = 10" GeV, (4.2)

e model (ii): intermediate (A, A), (%,%), S, T and O, with (S is actually irrelevant

for gauge coupling unification)

M3 /MZ ~ 10" GeV,  Mg= Mp = Mo =10Ma, My =10"GeV, (4.3)

all other components of the 54 having GUT-scale masses. The desired splittings can be
achieved by appropriate higher-dimensional operators (see appendix C). In model (i), the
unification scale lies almost one order of magnitude lower than in the MSSM, which is
at odds with the experimental limit on p — 7%e*. While this might be cured by 2-loop
running and GUT threshold corrections, we prefer to adopt model (ii) for the numerical
study of the next section. We note in passing that both models give similar (although
quantitatively different) results for flavour violation. For illustration, let us consider model
(ii) with Ma = 1012 GeV, My, = Mg = My = Mo = 10'3 GeV and My = 104 GeV (the
other parameters are chosen to be Vi = MquTt, Ag = [0a( = Ma)| = 0.045, tan 5 = 10
and tan 6 = 1). The spectrum of heavy states below the GUT scale is shown in figure 1(a),
and the renormalization group running of the gauge couplings in figure 1(b). At the 1-loop
level, one finds:

Mgur = 1.2 x 1016 GeV agur = 1/12.5 . (4.4)

The prediction for az(my), including supersymmetric thresholds and the 2-loop MSSM
running, agrees with the measured value within 1o. Finally, the Landau pole lies one order
of magnitude above Mguyr.
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Figure 1. (a) Spectrum of heavy states below the GUT scale in model (ii) for the following choice of
parameters: Ma = 10'2GeV, My = Mg = My = Mp = 103 GeV, My = 10 GeV, V; = Mgur,
Ag = |oa(p = Ma)| = 0.045, tan 8 = 10 and tanfy = 1. (b) Renormalization group running of
a; t(w) (i =1,2,3) between p = 10'° GeV and pu = Mgur.

5 Numerical results

In this section, we perform a numerical analysis of flavour violation in the SO(10) model
defined above. Since the flavour-violating effects we want to study arise from radidative
corrections to the sfermion soft terms, we numerically solve the full 1-loop RGEs from
the unification scale Mgyt down to the low-energy scale Mrwsp = NN taking into
account the presence of additional states and interactions below the GUT scale, which
modify the running of the MSSM soft terms as outlined in section 3. A subset of these
RGEs is given in appendix D, where the definitions of the various superpotential couplings
and soft terms can also be found. In order to set the initial conditions at the GUT scale
for the superpotential couplings and to compute the masses of the heavy (5;, 5;) pairs
(which depend on the SO(10) couplings h;;), we first evolve the Yukawa matrices and the
low-energy neutrino mass operator from low energy up to the seesaw scale Ma, where the
couplings fi; are computed according to the seesaw formula (M, );; = —Ap fijv2/2Ma,
in which Ay = |oa(r = Ma)|. Then we evolve the f;; together with the other Yukawa
couplings up to the GUT scale. This procedure is iterated until convergence of the heavy
(5;, 5;) masses Ms, is reached. The other mass scales are taken as inputs and varied in
order to study their impact on leptogenesis and on the flavour-violating observables listed in
table 2. Moreover, to satisfy the proton decay constraint consistently with gauge coupling
unification, we split the components of the 54 as indicated in eq. (4.3). Thus, specifying
the triplet mass Ma is enough to fix the masses of all 54 components. The value of My
has a weaker impact on gauge coupling unification, and we keep it to be 10'* GeV. The
other inputs in the procedure, apart from the SM and supersymmetric parameters, are the
seesaw coupling Ay, V; and tan 6, which are needed to compute the heavy (5;, 5;) masses.
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Observable Bound ref.
BR(p — ev) <l2x1071 [30]
BR(u — ece) <1.0x 10712 [31]

CR(p — e in Ti) <43 x 10712 [32]
BR(T — wy) <44 %1078 [33]
BR(T — e7) <3.3x1078 [33]

€K (2.229 4+ 0.012) x 1073 [34]
Amg (3.483 £0.006) x 1072 MeV | [34]
Amp, (17.77 £0.12) ps~* [34]

BR(b — sv) 2.77 x 107% — 4.33 x 1074 (30) | [35]

BR(B; — ) <4.7x1078 [36]
Amp (0.507 £ 0.005) ps—! [34]
Amp (00237100090 ps~! [34]

Table 2. Flavour-violating observables studied in the numerical analysis and their experimental
values or upper bounds.

In order to single out the flavour-violating effects arising from radiative corrections, we
assume universal boundary conditions for the soft supersymmetry breaking terms at the
GUT scale, with common gaugino mass parameter M, o, scalar soft mass mg and A-term
ag. For definiteness, we set ag = 0 in the following. In a later stage, we shall also comment
about the effect of relaxing the equality of the soft mass parameters for different SO(10)
multiplets, still assuming flavour-blind supersymmetry breaking. After having performed
the running from the GUT scale to low energy, we check that electroweak symmetry break-
ing does take place and that no tachyonic states are present in the spectrum. We then
compute the masses of all Higgs bosons and superpartners and impose the mass limits com-
ing from direct searches at LEP and at the Tevatron. For the rates of LF'V processes, we
use the expressions of ref. [37]. The supersymmetric contributions to BR(B(% s 1)
are estimated using the formulae of ref. [38], while BR(b — s7) is computed with the
help of the routine SusyBSG [39]. The supersymmetric contributions to the meson mass
splittings Amg, Amp, Amp, Amp, and to the indirect CP violation parameter cx are
computed in the mass insertion approximation, using the formulae of ref. [40]. We recall
in table 2 the experimental values and upper limits for these observables.

As observed in section 3.2 and illustrated in figure 4, the predictions of the model
for LFV processes span many orders of magnitude, due to their strong dependence on
the ratio Ma/Ag. In order to obtain definite predictions, we shall restrict the seesaw
parameter space to the region favoured by the leptogenesis scenario of ref. [7], which is
built in the SO(10) model considered here. The source of the lepton asymmetry is the
CP asymmetry in triplet decays, which arises from the interference between the tree-level
and one-loop diagrams shown in figure 2 and is given by (in the limit M, < Ma <
My, + Mp,): ea =~ (0.1/10m) Im[fia(f* £ f*) ] / [Te(f*) + [l 4 IAa*(1 4 cos® 0u)],
where Mg = Mp = 10Ma has been used. The presence of heavy lepton fields with
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Figure 2. Feynman diagrams responsible (together with the CP-conjugated diagrams) for the CP
asymmetry in the decays of the scalar triplet into Standard Model lepton doublets.

€A
1005 T
10" E
i M, <2 My
i : oert.f. | 1
PTE ononpetfy
10° E
10-4 Ll Lo
10" 10'2 10"

M, (GeV)

Figure 3. Dependence of the CP asymmetry ea on Ma and Ay for tang = 10, Vi = Mgur
and maximal Higgs mixing (tanfy = 1). The unmeasured neutrino parameters are chosen to be
my = 0.005¢€V, sin? 613 = 0.05, p = w/4, 0 = w/2 and 6 = 0. The area below the white line does
not satisfy the conditions for a large efficiency.

hierarchical masses is crucial for generating a non-vanishing CP asymmetry. In particular,
the condition Ma > 2My, must be satisfied for the loop integral to have an imaginary part.

Let us identify the region of the (Ma, Afr) parameter space in which successful leptoge-
nesis is possible. One can distinguish between two regimes [7]: the first one, characterized
by a large value of the CP asymmetry in triplet decays and by a strong washout, requires
order one values of the f;; couplings. This however is in conflict with the experimental up-
per bounds on lepton flavour violation, unless the supersymmetric spectrum is very heavy.
In the second regime, the CP asymmetry is smaller, but the efficiency factor accounting for
the dilution of the generated lepton asymmetry by washout processes can be of order one.
Given that the observed baryon asymmetry is reproduced for nea ~ 1078, where 7 is the
efficiency factor, successful leptogenesis is possible for ea > 2 x 1078, In figure 3, we plot
€A as a function of the seesaw parameters Ma and Ay. The light neutrino parameters are
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Figure 4. Dependence of BR(x — evy) on Ma and Mg, for the following choice of mSUGRA
parameters: mo = My, = 700GeV, ag = 0, tan3 = 10 and g > 0. The other parameters are
chosen as in figure 3. The white dots indicate the area where both BR(u — ey) < 1.2 x 107! and
ea >2x 1078

chosen as in ref. [7], with the best fit values for the measured oscillation parameters taken
from ref. [15] and m1 = 0.005eV, sin? 613 = 0.05, p = 7/4, 0 = /2 and § = 0. In the region
Ma < 6 x 10 GeV, the condition for a non-vanishing CP asymmetry, Ma > 2Mp,, is not
satisfied, while in the small Ay region some of the f;; couplings become non-perturbative
below the GUT scale, making the computation of ea non reliable. The white line separates
the weak and strong washout regimes: below this line, the conditions for a large efficiency,
ra— ilil) < H(Mp) and I'(A — H,H,) > H(Ma), are not satisfied (see ref. [7] for
details). As shown by figure 3, ea can reach sizable values in the large efficiency region.
Let us now see how the LFV decay p — ey constrains the parameter space of figure 3.
This is shown in figure 4 for a point of the MSSM (mSUGRA) parameter space giving
a rather light superpartner spectrum: mo = My, = 700 GeV, ap = 0, tan 5 = 10 and
@ > 0. The brown (dark) area is excluded by the experimental upper limit BR(u —
ey) < 1.2 x 107!, Comparing figure 4 with figure 3, one observes a tension between the
requirement of successful leptogenesis and the experimental constraint on y — ey, due
to the fact that both ea and BR(yu — ey) grow with the ratio Ma /Ay (to which the f;;
couplings are proportional). Indeed, the region of the (Ma, A) parameter space consistent
with both BR(1 — ey) < 1.2x 107 and ep > 2x 1078, marked with white dots in figure 4,

is rather small for the chosen MSSM parameters. An heavier superpartner spectrum

In passing, this shows that the supersymmetric version of the leptogenesis scenario proposed in ref. [7]
can be excluded on the basis of low-energy flavour physics measurements, if the supersymmetric partners
are accessible at the LHC (and barring cancellation with other sources of flavour violation in the soft terms).
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Figure 5. Predictions for BR(u — ey) in the (mq, M /2) plane, assuming ag = 0, tan 3 = 10 and
p > 0. The parameters of the SO(10) model are: Ma = 10'2GeV, Ay = 0.045, V; = Mgyt and
tan @y = 1. The neutrino parameters are chosen as in figure 3.

and/or a smaller value of tan § would increase the size of this region by relaxing the y — ey
constraint, without affecting leptogenesis. A smaller value of #13 would also relax the
1 — ey constraint, but it would simultaneously reduce ea. Nevertheless, the requirement
of successful leptogenesis (together with the non-observation of y — ey) considerably
restricts the seesaw parameter space, thus allowing us to make testable predictions for
flavour-violating observables.

In the following, we present our results for a set of seesaw parameters belonging to
the region where successful leptogenesis is possible, namely we take Ma = 10?2 GeV and
Ag = 0.045, together with V; = Mgyt and tanfy = 1 (which gives ea ~ 2.5 X 10*8).
The corresponding spectrum of heavy states is shown in figure 1(a). As for the neutrino
parameters, we choose them as in figure 3. We are now ready to present the predictions of
the model for various flavour-violating observables as a function of the MSSM parameters.
In figure 5, the contours of BR(u — ey) are plotted in the (mq, M) plane for ap = 0,
tan # = 10 and g > 0 (the contours corresponding to different values of tan 3 can be easily
deduced from figure 5 by noting that BR(u — ev) approximately scales as tan? 3). The
parameter space is bounded by the LEP limits on superpartner and Higgs boson masses
for low values of M3, and by the absence of radiative electroweak symmetry breaking
for large values of mo and moderate M ;. BR(b — s7v) gives a constraint similar to the
Higgs mass bound, while the other hadronic observables of table 2 do not significantly
restrict the parameter space. This implies that the flavour physics signatures of the model
are expected to show up in the lepton sector rather than in the hadronic sector (with the
possible exception of £ discussed at the end of this section). One can see from figure 5 that
the on-going experiment MEG [41], which aims at a sensitivity of O(1073) on BR(u — e7),
will probe the model over a large portion of the MSSM parameter space. Interestingly, this
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Figure 6. (a) Contours of the gluino mass (blue dashed lines) and of the lightest stop mass
(red solid lines) in the (mg, M; /2) plane, for the same choice of parameters as in figure 5. The
grey region is excluded by the constraints discussed in the text, including the experimental upper
limit on BR(u — ev). The dotted area will be probed by MEG. (b) Supersymmetric spectrum
corresponding to the mSUGRA point mo = M, /5 = 700 GeV, ag = 0, tan # = 10 and p > 0.

region approximately corresponds to the one that is accessible at the LHC. This can be seen
in figure 6(a), where the contours of the gluino and of the lightest stop masses are plotted
in the (mg, My /) plane, and the area that will be probed by MEG is marked with dots.
For completeness, we show in figure 6(b) the full supersymmetric spectrum corresponding
to the mSUGRA point of figure 4, i.e. mg = My, = 700GeV, ap = 0, tan 8 = 10 and
1 > 0. Note that this spectrum is characterized by rather heavy sfermions compared to
neutralinos and charginos. This is due to the relatively large value of the unified gauge
coupling, which enhances the gauge contributions to the running of sfermion masses at
high energy. As a result, the lightest neutralino is found to be the LSP over the whole (my,
M, j5) parameter space. For the spectrum showed in figure 6(b), the sleptons are heavier
than all neutralinos and charginos and cannot be produced in cascade decays of squarks
at the LHC. However, this possibility is recovered for M5 > my.

Let us now present the predictions of the model for other LE'V processes. In figure 7(a),
BR(7 — wy), BR(u — eee) and the p — e conversion rate in the Titanium nucleus are
plotted against BR(u — e7y) for the same parameter choice as in figure 5. BR(7 — ev)
is not shown since, as discussed in section 3.2, it is generally smaller than BR(7 — u7).
Given the experimental upper limits shown in table 2, BR(u — e7v) is at present the most
constraining LFV observable. Since BR(7 — py)/BR(u — ey) = O(1), in agreement with
eq. (3.22) and with the correlation observed in type II seesaw models for large 613 [9],
T — 7y is out of reach of super B factories, which are expected to achieve a sensivity of
1079 on its branching ratio [20]. jz—e conversion looks more promising, given that proposed
experiments at Fermilab [42] and at J-PARK [43] aim at respective sensitivities of 10716
and 1078 on CR(p — e in Ti). If approved, these experiments would test the model well
beyond the MEG reach.
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Figure 7. (a) BR(r — uy), BR(i — eee) and CR(u — e in Ti) versus BR(u — e7) for the same
choice of parameters as in figure 5, scanning over mo and M; 5 in the ranges 0 < mg < 3 TeV and
0 < My, < 2TeV. The grey area is excluded by the experimental upper limit on BR(u — ev).
(b) BR(1 — e7) as a function of the lightest slepton mass for non-universal soft scalar masses msg,
M10, M16y, Moy and msy in the [0,3 TeV] range, and My, = 700 GeV. The blue dotted line
corresponds to the universal case mig = mig = Mig, = Mioy = Mpa = Mo.

In order to estimate the impact of non-universal (but flavour-blind) boundary con-
ditions on the predictions for LF'V observables, we performed a random scan of the soft
scalar masses for different SO(10) multiplets between 0 and 3 TeV, assuming a fixed value
M/ = 700GeV of the common gaugino mass parameter. The results for BR(p — e7)
are shown in figure 7(b), where the blue dotted line” corresponds to the universal case
mig = Mg = Mie,; = Mio,; = Ms4 = Mo. Relaxing the universality of soft scalar masses
can enhance or suppress BR(u — ev) by up to 2 orders of magnitude, but most of the
points still remain within the reach of MEG (unless the lightest slepton is very heavy).

As mentioned earlier, LF'V observables provide much stronger constraints on the model
studied in this paper than hadronic observables. A possible exception is represented by
the indirect CP violation parameter in the kaon sector, ex. It is well known that ek is
very sensitive to new sources of flavour and CP violation in the 1-2 down squark sector. In
the present model, radiative corrections generate large off-diagonal entries both in the LL
slepton mass matrix (which leads to large LF'V rates) and in the RR down squark mass
matrix. Moreover, order one phases in the PMNS matrix, hence in the f;; couplings, are
needed to account for the baryon asymmetry of the universe. Unfortunately, unknown
extra SO(10) phases spoil the link between CP violation in the neutrino sector and the
RG-induced CP violation in the sfermion mass matrices (see the discussion in section 3.2).
Nevertheless, barring cancellations between contributions carrying different phases, it is

"In the universal case, radiative electroweak symmetry breaking does not take place for large mo values,
which explains why the blue dotted line stops at mz ~ 1750 GeV.
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Figure 8. Contours of [¢™|/|e"| in the (mg, M 2) plane (where 3™ is the supersymmetric

contribution to ex and 37" its central experimental value), for the same choice of parameters as
in figure 5 and assuming arg [(6%12)12} =0.5.

reasonable to expect a large imaginary part of (5%}%)12. In figure 8, the contours of the
supersymmetric contribution to e are plotted in the (mq, M /5) plane for the same choice
of parameters as in figure 5, assuming arg [(5%1%)12] = 0.5. While low values of M /5 would
give too large a contribution to g, a rather light superpartner spectrum can account for
up to (10 —20)% of its experimental value. According to ref. [28], this is precisely what is
needed in order to reconcile the SM prediction for ex with experiment.

6 Conclusions

We have studied flavour violation in a supersymmetric SO(10) implementation of the type
II seesaw mechanism, which provides a predictive realization of triplet leptogenesis. In
this scenario, the high-energy flavour parameters involved in the computation of the bayon
asymmetry of the universe and of flavour-violating observables are determined in terms of
the Standard Model fermion masses and mixing, up to mild model-dependent uncertainties.
The overall size of the FCNC effects is then controlled by a few unknown flavour-blind
parameters, while the ratios of FCNC rates for different flavour channels, such as BR(1 —
wy)/BR(pu — ey), mainly depend on low-energy parameters.

The features of flavour violation in the SO(10) scenario studied in this paper present
some interesting differences with the SU(5) implementation of the type II seesaw mech-
anism [9], because of additional contributions coming from the heavy matter fields cru-
cial for leptogenesis. These give rise, for example, to radiative corrections to the soft

mass matrices m?2. and mg controlled by the top quark Yukawa coupling. Moreover, the
presence of a built-in leptogenesis mechanism provides a criterion for fixing the values of
the unknown flavour-blind parameters, thus yielding testable predictions for the rates of

flavour-violating processes. Imposing the conditions for successful leptogenesis together
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with the experimental constraints on FCNCs, we found that the predicted branching ratio
for 4 — ey lies within the sensitivity of the MEG experiment if the superpartner spectrum
is accessible at the LHC, while 7 — p is out of reach of future super B factories. yu —e
conversion on Titanium is also a promising process, with a predicted rate within the reach
of proposed experiments at Fermilab and J-PARK even in regions of the parameter space
where BR(yn — e7y) lies below the MEG sensitivity. Hadronic observables only receive
small contributions once the experimental bounds on LFV processes are imposed, with the
possible exception of k.

We have also studied flavour-violating contributions to leptonic and hadronic EDMs, as
well as to the e g parameter. The CKM and PMNS phases, together with new CP-violating
phases associated with the SO(10) structure, can in principle induce sizable contributions
to these observables, even if the soft terms are real at the high scale. The experimental
bounds on LFV processes, however, prevent significant contributions to the EDMs, while
a sizable contribution to ex (which might be necessary to account for its measured value)
is still possible.

The predictivity of the scenario studied in this paper relies on the SO(10) relations
between the flavour structures of the SM and heavy matter fields. These relations, however,
only hold at the tree level and may be affected by model-dependent corrections from the
non-renormalizable operators necessary to account for the measured quark and lepton
masses. Nevertheless, the impact of these corrections on our results can be estimated to
be mild.

The presence of heavy states below the GUT scale, besides inducing low-energy flavour
and CP violation through radiative corrections, also has an impact on the superpartner
spectrum. Indeed, their contribution to the beta functions leads to a relatively large value
of the unified gauge coupling, which enhances the gauge contribution to the running of
sfermion masses. One of the consequences of this is that the lightest neutralino turns out
to be the LSP in an unusually large portion of the parameter space.

Finally, we have shown that the SO(10) implementation of the type I seesaw mecha-
nism studied in this paper can be promoted to a consistent model including the dynamics of
gauge symmetry breaking, doublet-triplet splitting consistent with the present experimen-
tal bounds on proton decay, and gauge coupling unification. The doublet-triplet splitting
is achieved through a generalization of the missing vev mechanism. The proton decay rate
is suppressed by arranging, without fine-tuning, a pair of Higgs doublets to lie at an inter-
mediate scale. Gauge coupling unification is then restored by an appropriate splitting of
the SU(5) components of the 54 containing the type II seesaw triplet, which in turn brings
ag(myz) within 1o from its experimental value, thus improving on the MSSM prediction.
In passing, we provided an updated, comprehensive analysis of proton decay from D=5
and D=6 operators.
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A SO(10) gauge symmetry breaking

The purpose of this appendix is to provide an explicit sector breaking the SO(10) gauge
symmetry down to the SM gauge group. It is well known that this breaking can be
realized by the most general renormalizable superpotential involving the following Higgs
representations: one 45, one 54 and one (16,16) pair. In this case, both SM singlets in
the 45 acquire a nonzero vev. However, we need a 45 multiplet with a vev aligned in the
B — L direction to implement the missing vev mechanism for doublet-triplet splitting (see
appendix B). In order to obtain such a vacuum alignment, we must introduce additional
fields and consider a non-generic superpotential. A simple realization of this is provided
by the following superpotential:

1 1 _
Wes = f154'45,45, 4+ (A12S+ f1254’)451452+§>\ 54'54'54'+16(M16+9g451)16, (A.1)

where S is an SO(10) singlet and the contractions of SO(10) indices are understood. As
shown below, the 54’ acquires a GUT-scale vev and therefore cannot be identified with the
54 multiplet involved in the type II seesaw mechanism.

Altogether, eight SM singlets can acquire a nonzero vev at the GUT scale. We
normalize their vevs as follows: (Tr(54'T54')) = |Vpg|?, which breaks SO(10) down to
its Pati-Salam subgroup, (Tr(45;r45i)> = ]VE(QLP + ]V}g)\Q (i = 1,2), (16716) = |V3|?,
<ET1_6> = |V1]? and (S) = S. In order to preserve supersymmetry, these vevs must satisfy
F-flatness and D-flatness conditions. The solution to these constraints reads:®

1 ) 3V3fi
viv, = v =0, v = =M, Vi, = -2 Mg, (A2)
B-L R R 2 B-L 10v/2 f129
3f1 10 V3f12 = V3/i
V23 = a2 g V2 gy = YOy e, (A3
PS T TR I 2o P9 VW= g e Vrshhis,  (A3)
together with V4| = [V1]. If the dimensionless couplings are of order one, then all nonzero

vevs are of order Mjg, the unique mass parameter in Wgp. Therefore SO(10) is broken
down to the SM gauge group in one step. The two 45 vevs are aligned along the T3 and
)

B — L directions, respectively; in the rest of the paper we will rename them Vi = Vlg and
Vp_1 = VE(f_) I

The SM vacuum defined by eq. (A.3) provides all uneaten chiral superfields with a
GUT-scale mass, except for a pair of charged states with SU(3)c xSU(2), xU(1)y quantum

numbers (1,1,+1), which remains massless.” This problem can be cured by adding the

8Let us mention for completeness that the D-flatness and F-flatness conditions admit another solution
characterized by VS_) L= Vlgl) = 0 and all other vevs nonzero. This solution would also be satisfactory for
our purposes, but we stick to the first one for definiteness.

In the alternative vacuum characterized by V]g_)L = Vlgl) = 0, the massless states are (3,1, —2/3) ®
(3,1,2/3).

,25,



following terms to Wgsp:
1
5 A3 S 453453 + A\j93 451459453 . (A4)

This does not modify the vacuum alignment discussed above and does not introduce extra
mass parameters either. The F-flatness conditions imply that the 453 does not acquires a
vev. The coupling Ajo3 is sufficient to make the unwanted massless states heavy, while the
coupling A3 guarantees that all 453 components are also massive.

For completeness, we give the masses of the X and Y gauge bosons, which can mediate
proton decay through D = 6 operators (see appendix B.3):

) 1 1
M = M3 = dhur (5 1VesP + 5 Voosl + 5 Vil?) (A5)

where ggur is the SO(10) gauge coupling.

We remark that the desired vev alignment is obtained because several couplings allowed
by the SO(10) gauge symmetry are absent in eq. (A.1). In fact, one can add mass terms for
45, and 54’ without upsetting the vev alignment. On the contrary, it is crucial to forbid all
455 couplings except A\12 and fi2. We do not try to justify the non-generic form of Wgp by
global symmetries, which would require a more complicated set of fields and interactions.

Note finally that it is possible to align the vev of one of the two 45’s without introducing
the SO(10) singlet S. In fact, if one replaces A2 S in eq. (A.1) by a bare mass Mo, the
F-flatness equations still have a solution with VR1 = 0 and a second one with VE(;I_) ; =0,
all other vevs being nonzero. This is sufficient to realize the doublet-triplet splitting, but
this requires the presence of two mass parameters (Mg and Mpo) in Wgp.

B Doublet-triplet splitting and proton decay

In this appendix, we provide an explicit doublet-triplet splitting mechanism for the SO(10)
scenario studied in this paper, and derive the conditions imposed by the non-observation

of proton decay on the heavy spectrum.

B.1 Doublet-triplet splitting

In the SO(10) implementation of the type II seesaw mechanism considered in this paper,
up quark masses arise from the superpotential couplings 16,16;10, while down quark and
charged lepton masses arise from the couplings 16;10;16. The Y = +1/2 MSSM Higgs
doublet h,, should therefore reside mainly in the 10 in order to account for the large
top quark mass, while the Y = —1/2 Higgs doublet hy should contain a significant Hcll6
component, and we require that it also has a non-vanishing Héo component.'® The doublet-
triplet splitting mechanism, besides rendering all colour triplets coupling to light matter
fields heavy, should therefore leave H.? and an admixture of H Cllo and H Cllﬁ massless.

%Tndeed, the leptogenesis scenario of ref. [7] assumes that the dominant decay modes of the heavy matter
fields preserve B — L, which is guaranteed if hq contains a non-negligible H° component.
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This can be achieved by a generalization of the missing vev mechanism [29] involving
an additional 10’ Higgs multiplet and an adjoint Higgs field with a non-vanishing vev
in the B — L direction (which motivates the choice made for 459 in appendix A). The
superpotential that accomplishes the desired doublet-triplet splitting reads:

1 — 1
Wpr = 3 Mi(10'10" 4+ h10'45510 + 16(Mi6 + g451)16 + ;1616 (710 + p10’), (B.1)

where the third term also plays a role in SO(10) symmetry breaking (and therefore ap-
pears in eq. (A.1)), while the coupling p16 16 10’ is optional. As in the case of eq. (A.1),
this is not the most general superpotential for the fields involved. After SO(10) symme-
try breaking, one obtains the following doublet and triplet mass matrices, written in the
(10,10, 16) (left) and (10,10’,16) (right) bases:

0 0 —qaVi 0 %VB—L —7V1
Mp = | 0 My —pV1 |, Mr = [ —ZVe 1 My —pVi . (B.2)
0 O Mg 0 0 Mg + 2gVR

From eq. (B.2) we can see that all colour triplets and two pairs of Higgs doublets acquire
GUT-scale masses, while H° and a combination of H}" and H}® remain massless:

h, = HY, hg = cos O H® +sin O HIY (B.3)

where the Higgs mixing angle 6 is given by (with no loss of generality, we assume 7V
and Mg to be real):
nVi
tanfpy = Mg (B.4)
Note that the alignment of the 459 vev along the B — L direction is crucial for the splitting
of the doublet and triplet components.

A few comments are in order about the above doublet-triplet mechanism. First, the
SO(10)-breaking sector contains a 54’ representation with a vev in the Pati-Salam direction,
whose couplings to 1010 and 1010’ must be forbidden as they would make all Higgs
doublets heavy. On the contrary, the coupling 1010 54 involved in the seesaw mechanism
is harmless since 54 does not acquire a vev. Second, the mass term M;1616 in eqs. (A.1)
and (B.1) is crucial both for GUT symmetry breaking and for the doublet-triplet splitting:
if it were absent, F-flatness would imply either V; = 0, leaving the SO(10) rank unbroken,
or Vi = 0, leaving a pair of colour triplets massless.

B.2 Higgs-mediated proton decay

In general, giving GUT-scale masses to the colour Higgs triplets is not enough to suppress
the proton decay rate below its experimental upper limit. To achieve this, one must impose
additional constraints on the triplet mass matrix. We show below that this can be done in
a simple way in the doublet-triplet splitting scenario presented above.

Let us first adapt the standard computation of the Higgs-mediated proton decay
rate [44-47] to our case. Upon integrating out the heavy Higgs triplet superfields, one
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obtains the following D=5 operators:

1 1
= Rijil (QiQ;)(QrLy) + 5 R ufuidie; |+ he., (B.5)
2 02 2 02

where the contraction of gauge indices is understood, and the dimensionful coefficients
and n;ikl generated by the superpotential (2.1) are given by:!!

Kijkl = — Yijh (Mfl)Tloflﬁ ; Wi = — (Wahjk — Yjihir) (MEI)T10716 ,  (B.6)

where (Mfl)TloTle is the (TlO,Tlﬁ) entry of the inverse triplet mass matrix. Since colour
invariance implies ;5 = 0 and &}, = 0, the dominant proton decay modes arising from the
above operators involve a kaon, and in practice p — K+ dominates. The corresponding
amplitude is obtained by “dressing” the D=5 operators of eq. (B.5) with gaugino/higgsino
loops. If the first two generation squarks are close in mass, as the observed weakness of
hadronic flavour-violating processes may suggest, the dominant contributions come from
the wino dressing of the QQQL operator and from the charged higgsino dressing of the
uu®de® operator. Here we consider only the former contribution; the latter (which is
significant for the K", channel only) would give a stronger constraint on My only for

large values of tan 3. The proton partial decay width then reads:

(m2—m2 +)2
r K'p) = 2 K2 3,2 B.
b= K9 = S |on] (B.7)
2
m m m
E 1 P (D+3F)| C P (D-F P (D+3F)| C
X l H + 3mA( + )] 1121 + [szo( )+ mA( +3F)| Crou|

where fr = 130 MeV is the pion decay constant; B is the hadronic parameter defined by
BrPru, = (0|(urdr)ur|p), where u, is the proton spinor and the parenthesis indicates the
contraction of Lorentz indices; D and F are chiral Lagrangian parameters; and Cjjy, is the
Wilson coefficient of the four-fermion operator (ur;dr;)(drxv). The most recent lattice
determination of Sy is |Bg| = 0.0120(26) GeV? [48], while an analysis of hyperon decay
measurements gives F'+D = 1.2670+£0.0030 and F'— D = —0.341£0.016 [49]. The Wilson
coefficients Cj;y; read:

(6 %) 1 ~ ~ ~
Cijkl = E AR ; ijVnk(Kimnl - ’{nmil) |:f(d£z’ uLm) + f(uLna 6Ll)} ) (B8)

where Ap is a renormalization factor, V' is the CKM matrix, the x coefficients are expressed
in the basis ¢ = (u,d’) = (u, Vd), and the loop function f is given by (M> is the wino mass):

Ms m?2 m?2 m? m?
b) = a1 @) _ b _n(—L)]. B.9
f(a.b) m2 —m [mg—MQQ n<M22> mi — M3 n<M22>] (B.9)

For degenerate sfermion masses (m, = my, = 1) and a hierarchy M2 < m?, f(a,b) reduces

to My /m? to a good approximation. In eq. (B.8), the quantity (Kimni — Knma) is evaluated

HNote that the flavour structure of Kijki and /sgjkl is the same as in the minimal SU(5) model. This is
an obvious consequence of the way the SM matter fields are embedded into SO(10) representations.
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at the GUT scale, where the operator QQQL is generated. The renormalization factor
Agr = AspArp contains a short-distance piece Agp which accounts for the renormalization
of the superpotential operator QQQL from Mgyt to the supersymmetry breaking scale
(here identified with m ), and a long-distance piece Ay, p which encodes the renormalization
of the four-fermion operator (uridr;)(drxv;) from myz to pineg = 1GeV. The latter is

4y = (M)f <a3<mc>>6/25 <M>/ ~ 14, (B.10)

as(me) as(mp) asg(mz)

and the former by (neglecting the Yukawa contributions):

o = T (200 ) (Loatht Y Lot Y

- \ar(Mr az(Mrqq az(Myiq

give by:

where I runs over all mass thresholds M; between my and Mgy, and b{,273 are the beta
function coefficients between M7 and M7, 1. Given the hierarchy among the quark Yukawa
couplings at the GUT scale, one has C719; ~ C1a91;, with:

)\le*le*i

Hd
(6% _ l iPY 3 ~ ~ ~
Criz =~ ﬁAR (MTl)TmTlG = E e? CD")\unVnans |:f(d/La Urn) + f(Urn, 6Ll)] )

sin Oy
(B.12)

where ®% and (I)Z (n=1,2,3, &} + &4 + ®¥ = 0) are high-energy phases, and the sum is
dominated by the n = 2 term (i.e. by the ¢y, loops).

We are now in a position to derive a lower bound on (MT_ 1) 10716 from the exper-
imental constraint 7(p — KTo) > 2.3 x 103 yrs (90% C.L.) [50]. For definiteness, we
consider the model (ii) of section 4.3 with Ma = 10'2GeV, tan3 = 10 and a spec-
trum close to the one of figure 6(b), with squark masses in the TeV range (except for
the lightest stop), slepton masses around 750 GeV and My =~ 280 GeV. This spectrum
gives f(c%,EL) + f(ér,ér) ~ 0.45TeV~!. Evaluating the Yukawa couplings at the GUT
scale, we find Ay ViygVis = 5.2 x 1077, A\ VigVes = —2.6 x 1074, X\¢|VigVis| = 7.5 x 1072, and
(AaVauds AsVaus, M| Vap|) = (0.43,1.9,2.0) x 10~%. Depending on the values of the high-energy
phases, a partial cancellation between the £7, and the ¢, contributions is possible. Here we

do not consider this possibility and keep only the dominant ¢;, contribution, which gives:

A 1 2f _
2 ~ 99x10713 -1 (25D M) o
”;\le\ 99> 107 GeV < s1 ) \sinon ) \Gasmev1 ) (M) puore

(B.13)

where we have replaced f(cii, ér)+ f(ér,€r;) by an average value 2f, and Agp ~ 8.1 (to be
compared with 7.8 in the MSSM with tan § = 10) takes into account the various thresholds
shown in figure 1(a). From egs. (B.8) and (B.13), we finally obtain:

2
Tp— Kto) (0.012 Gev3>2 <sin On )2 (0.45 TeV1>2 (4.4 x 10'8 GeV)~!
2.3 x 10 yrs 1B ] 1 2f (M) oo ’

(B.14)
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which yields the upper bound (Mfljl)Tl()TlG < [4.4 x 10" GeV (1/sinfp) (tan 3/10) | _1,

where we have restored the approximate tan 8 dependence of the proton decay amplitude
(one can indeed see from eq. (B.12) that Cy19; and Cio1; scale as 1/sin 2(3). This bound is a
conservative one, and several effects could relax it: there are still large uncertainties on the
hadronic parameter Br; Agp overestimates the running of the x coefficients, since it does
not include the Yukawa contribution; a superpartner spectrum characterized by heavier
sfermions and/or a stronger sfermion/gaugino mass hierarchy would reduce the proton
decay amplitude; corrections to the mass relation My = M could affect the couplings
of the Higgs triplets to quarks and leptons; and finally, some sfermion mixing patterns
compatible with the observed level of flavour violation can significantly reduce the proton
decay amplitude [51].

Let us now translate this bound into constraints on the doublet-triplet splitting pa-
rameters. From eq. (B.2) we have:

(M), ts = V3V1 (V6qMyy — phVp_1) _ 3tanfg My V3pVy

T V2 Mg (hWVp-1)? (hVp-1)? V2 Mg hVB(%715)

where we made use of Vg = Mig/2g and tanfy = 7V;1/Mjg. Since the SO(10) gauge
symmetry is broken in one step (see appendix A), Vi ~ Vp_ ~ Mg ~ Mgyt and

the desired suppression of (Mf 1) 10716 with respect to its natural value Mé%]T can be
achieved by a partial cancellation in the combination (v/6 My — phVp_1), or by taking
p < 1 and My in the (10'® — 10') GeV range, where the lower value corresponds to the
conservative bound on (M;I)Tmfle. Note that tan 8 < 1 would not help, since the upper
bound on (Mf I)Tmflﬁ becomes stricter for smaller values of 6. In this paper we take!'?
My = 10" GeV in order to avoid a strong cancellation among unrelated superpotential
parameters. One can check that all colour Higgs triplets acquire GUT-scale masses in this
case, while one pair of Higgs doublet sits at the intermediate scale My,. The consequences
for gauge coupling unification are discussed in appendix C, and summarized in section 4.3.

B.3 Gauge-mediated proton decay

Let us now discuss the contribution of SO(10) gauge interactions to proton decay [47]. Due
to the way the SM matter fields are embedded into SO(10) representations, there are no
new gauge contributions with respect to the SU(5) case, i.e. only the X and Y gauge bosons
mediate proton decay. The dominant decay mode from (X,Y’) exchange is p — Yt and
its rate is given by (neglecting the non-gauge contributions, which are subdominant):

2 2 \2
Pp— ety = Mo Mw) 2 p oy (ICRL + |CLrl?) (B.16)
647 f2m3 ’

where a is the hadronic parameter defined by ag Pru, = (0|(urdr)ur|p), D and F are the
same chiral Lagrangian parameters as above, and Cry, and Crg are the Wilson coefficients

of the four-fermion operators (ugdg)(urer) and (urdr)(urer), respectively. The most

12Note that the mass scale My ~ 10" GeV can be generated by an interaction term A S$10’10" with
X ~ 1072, where S is the SO(10) singlet introduced in appendix A.
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recent lattice determination of g is || = 0.0112(25) GeV? [48]. The Wilson coefficients
take the same form as in minimal SU(5):

2 2
g g
Crr, = Ag % Crr = Ap % (14 [Vaal?) (B.17)
1% 1%

where My = Mx = My is the mass of the heavy (X,Y’) gauge bosons. The long-distance
piece of the renormalization factor Ap = AgpArp is given by eq. (B.10), while its short-
distance piece reads:

oo =TT () ™ (i) ™ o) ™

where, as in eq. (B.11), the Yukawa contributions have been neglected, and I runs over all
mass thresholds M; between myz and Mgyr. Together with eq. (B.17), eq. (B.16) gives:

(o — 70 = (8.2 x 10% yrs) <0.0112Ge\/3>2< 2.4 >2< 1/24 >2< My >4, (B.19)

lovp | Asp aguT 1016GeV

to be compared with the experimental upper bound 7(p — mY*) > 8.2 x 103 yrs
(90% C.L.) [52]. Ineq. (B.19), Agp = 2.4 and agut = 1/24 are the reference MSSM values.
Consider now the model (i) of section 4.3 with Ma = My, = 10'2GeV, My = 10'3 GeV,
My = 10 GeV and the same heavy fermion spectrum as in figure 1(a). At the one-
loop level and omitting both low-energy and GUT thresholds, one obtains agyr = 1/14,
Mcut = 3.5 x 101° GeV and Agp = 2.4. These values are at odds with the experimental
limit on the proton lifetime (assuming My = Mgy leads to 7(p — 7%t) = 4.2x1032 yrs).
On the contrary, for model (ii) with the spectrum of figure 1(a) (with Ma = 10'2 GeV,
Ms = Mg = My = Mo = 10" GeV and My = 10 GeV), one finds agur = 1/12,
Mgur = 1.2 x 1016 GeV and Asp = 2.5, leading to 7(p — 7lt) = 3.9 x 10** yrs
for My = Mgur. We shall therefore adopt model (ii) as our reference model, although
model (i) may be viable if 2-loop running and threshold effects conspire to increase the GUT
scale. Also, the corrections needed to depart from the minimal SU(5) relation My = M7
will in general modify eq. (B.17) by introducing non-trivial fermion mixing angles in the
heavy gauge boson couplings, and this could significantly reduce the proton decay rate [53].

B.4 Proton decay from non-renormalizable operators

For completeness, we mention that proton decay could also be induced by non-renormalizable
superpotential operators of the form:
dijki
A2

16,16,16,10,16, (B.20)

where A is the cutoff, and the SU(5)-singlet component of the 16 acquires a GUT-scale vev.
These operators, if present, will generate the D = 5 operators of eq. (B.5) after SO(10)
symmetry breaking. In order to avoid a confict with the experimental bound on proton
lifetime, they must either be forbidden by some symmetry, or the ones involving light gener-
ation fields must be suppressed by small coefficients d;jz;. This is actually what one would
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expect in a theory of flavour capable of explaining the hierarchy of fermion masses. Note
that the required suppression of the coefficients is less severe than in conventional SO(10)
models, where the dangerous operators, of the form 16;,16;16,16;, have dimension 5.

C Intermediate scales and gauge coupling unification

In this appendix, we study the constraints imposed by the requirement of successful gauge
coupling unification on the extra heavy states present below the GUT scale, using 1-loop
renormalization group equations.

As shown in appendix B.2, the experimental constraint on the p — K1 rate can
easily be satisfied by allowing a pair of Higgs doublets to lie at an intermediate scale.
This tends to spoil unification, but we will show that the problem can be cured by split-
ting the components of the 54. In fact, it is also desirable to give GUT-scale masses to
some components of the SU(5) multiplets (15,15) and 24 contained in the 54 in order to
preserve perturbative unification. Indeed, the presence of additional chiral superfields at
intermediate scales increases the value of the unified gauge coupling agyT with respect to
the MSSM. One has to check that a Landau pole is not reached soon above (or even below)
the GUT scale, because this would make the predictions of the model very sensitive to
the effects of higher-dimensional operators. In the SO(10) scenario studied in this paper,
keeping the full 54 close to the seesaw scale would give agur ~ 1/4, and the Landau
pole would be reached at a scale A = 2MgyT. Thus, motivated both by perturbativity
and by proton decay, we are led to split the (15,15) and 24 multiplets, keeping below
the GUT scale only the components that are necessary for the seesaw mechanism and for
leptogenesis, together with possible additional components needed to achieve unification.

As is customary, we define Mgyt as the scale where o and as meet. Denoting by M,
the masses of the intermediate-scale states and by bgn) (1 = 1,2,3) their contributions to

the beta-function coefficients, the 1-loop predictions for asz(myz), Mgyt and agyr read:

1 1 1 b0boy — bbsy MOy
- - ] C.1
Oég(mz) ag(mz) 2 Z b21 1 Mn ’ ( )
Mgyt o) MEyp
In = -y 2L, eur (C.2)
MgUT Z ba1 My,
B RN TR T,
aGguT O‘OGUT 27 b21 Mn ’ '

n

where the superscript “0” refers to MSSM quantities, with (b9, 9, 69) = (%, 1,-3), My ~
2 x 1010 GeV, adyr ~ 1/24, and

by = bi—bj,  bi=b+Y b (C.4)

Given the fact that the MSSM prediction for as(my) significantly deviates from the mea-
sured value (using 2-loop RGEs and including low-energy supersymmetric thresholds, one
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finds [1/a5P(mz) — 1/a3(mz)] ~ +4.3/(27), which corresponds to a 50 deviation), a
positive contribution of the extra states to eq. (C.1) would be welcome.
Replacing eq. (C.2) into eq. (C.3) one finds:

L In Meur _ ﬁ ln% . (C.5)
acuT O‘(C]}UT 27 MgUT ~ 27 M,

The third term always increases agyT, while the second one can decrease or increase it,
depending on whether Mgyt is smaller or larger than MgUT. However, the contribution
of the second term is bounded by the requirement Mgyt > 5 x 10'® GeV coming from
proton decay (see Apprendix B.3). Therefore, in order to avoid a too large value of agur,
the additional intermediate-scale fields besides the ones needed to realize leptogenesis and
to suppress proton decay [namely (A, A), S and/or T, (5;,5;) and (H, H)] should better
be SU(2)L, singlets. There are two such 54 components: (¥,¥) and O. Since O is an
electroweak singlet, it does not affect Mgyt nor agur (but it corrects the prediction for
a3). Adding only O would push Mgyt above the Planck scale. We are thus left with two
possibilities: (i) intermediate (3,X); (ii) intermediate (X,%) and O. The right-hand side
of eq. (C.1) reads, for each of the two cases:

1 M, Mot M2y MY,
— [411n =GUT _ 991 —20In =CUT _ 71 —GUT C.5
107 [ ! Mz NN MA "M "y | (C.5a)
M2y My M2 MY
331In GUT — 211 —151 UT _ gIn —GUT 4 15]p —GUT C.5b
107 [ M, HMA nMT Dy TR (CoD)

while Mgyt and agur are given by the same expression in both cases:

Mgur 1 MGUT GUT GUT MGUT
1 = 81 1 5In In C.6
MR 15[ " My TG Ty Ty (©0)
1 1 1 M2y M,
- 881n Mgyy -7 ln 85 In —GUTL
aGuUT O‘OGUT 30 |: My, MA My
MO (MO )3

—261nﬂ—151n¢], C.7
MH M51M52M53 ( )

where we assumed My, = Mpe = Ms,. From the above equations, we can see that lowering
My, decreases agur as desired (and improves the prediction for ), but decreases Mguyr.
Let us first consider case (i). Assuming Mx = Ma = M5 = 10'2 GeV, My = My =
1013 GeV and My = 10 GeV (as well as Ay = 0.045, Vi = Mgyr, tan3 = 10 and
tan Oy = 1 to fix the masses of the heavy (5;,5;) pairs), we obtain, at the 1-loop level:
1 1 0.19

— = —-——, MGUT = 3.5 X% 1015 GGV,
ag(mz)  af(my) 2m aguT

= 141. (C8)

In this case, the prediction for az(my) is only slightly larger than in the MSSM, and the
value of the unified coupling remains reasonable. Unfortunately, the unification scale lies
almost one order of magnitude below the MSSM prediction, which leads to a too fast proton

decay rate (see appendix B.3). Gauge coupling unification is approximately preserved if
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Operator Massive 54 components Mass
54.453.54 (Z2,Z),(V,V) Vps
1 — 1 —
K(54'453)45(16'16)45 S, T,0 KVlVl
1 = 1
1 (54.45;)54(54' 54)54 (%,%) 1VB-LVps
1 — _ 1.
e (54.54)1(16.455.16), (A, A) FV1V1VB,L

Table 3. The operators listed in the first column generate masses for the 54 components given in
the second column. The order of magnitude of these masses is reported in the third column.

M5 and My, are varied while keeping the ratio My /M5 fixed. In particular, increasing
M5 while keeping May /M5 = 10 slightly increases Mgyt (and decreases ag and aguyr).
For instance, for M5 = 103 GeV, one obtains 1/asz(myz) — 1/al(mz) = +0.27/(2n),
Mgyt = 4.8 x 101 GeV and agyr = 1/15.9. Still the unification scale is dangerously close
to the proton decay bound.

Let us now consider case (ii). As anticipated, only as(my) is affected by the presence
of O below Mgyr. This gives the possibility of increasing Mgyt with respect to case (i) by
increasing My, while correcting the prediction for ag(my) by adjusting Mo. For instance,
the choice Ma = 102 GeV, My = Mp = My, = 10" GeV and My = 104 GeV gives, at
the 1-loop level:

1 1 2.2
- = +2°,  Mgur = 1.2 x10% GeV,
az(mz)  aj(mg) 27 aguT

= 125. (C.9)

In this case, unification works better than in the MSSM. Indeed, we checked that the predic-
tion for az(my), including low-energy thresholds and the 2-loop MSSM running, matches
the measured value within 1o. Moreover, there is no conflict between the value of Mgur
and proton decay, and the Landau pole lies one order of magnitude above Mgyrt. From
eq. (C.bab), we can see that the contributions of 7" and O cancel if Mp = Mp. Therefore,
unification is still preserved if the masses of the various states are varied while keeping
My = Mo and M%/Mi ~ 10" GeV. The splitting of the masses of the 54 components
needed to realize case (ii) can be achieved with the set of operators shown in table 3, where
Vps is the Pati-Salam invariant vev of the 54, Vg_, is the vev of the 455, which is aligned
along the B — L direction, and 453 has no vev (see appendix A). At the renormalizable
level, only (Z, Z) and (V, V) acquire a (GUT-scale) mass. The dimension-5 operators pro-
vide Mg = My = Mo ~ M&yr/A as well as My, ~ MZyr/A (more precisely, when the
GUT-scale masses of the 453 and 54’ components are taken into account, Mg o and My,
are further suppressed by a mild seesaw-like mechanism). Finally, the dimension-6 operator
generates Ma ~ M&p/A%.
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D Renormalization group equations

Below Mgur, the superpotential terms (2.2) and (2.3) read, in terms of the SM compo-
nents (2.4):

W = ()‘u)m u;‘:thu + (Ad)m dz%hd + ()‘e)ij 6;‘:ljhcl
(S\d)ij D(-:q]‘hd + ()\e)ij eiL ha + (ML)Z']‘LI;‘ + (MDC)Z‘]‘DZ(;DC-

5 (FA)is el + 5 (Fa)iy L (F2)i dEZ05 + —— (f2)i; DSZE,

%

\/_
- _ 1 _
(fx)ij diXdj + (fi)z‘j Di¥Dj + E (fv )i diV Lj + NG (fv)ij DV

1 c e 1 7 3 T 1 cC QO NC
+ 7 (fo)ij d50D5 + 7 (fr)ij LiTl; + 1/ 20 (fs,)ij LiSl; — WiT (fs4)ij di SDj

l\.')lr—l

1 /3
4+ —orh,Thy+ 0h5h+—a hAh+—0 hyAh,
\/5 T d 0 S d A d d A
+ MAAA + Mz ZZ + MY + My VV + = (M552+MTT2+M002) (D.1)

where Clebsch-Gordan coefficients have been factorized out, and contractions of SU(3)¢x
and SU(2)y, indices are understood. The interactions of fields with GUT-scale masses,
namely the right-handed neutrinos and the components of 16 and 10 other than the light
Higgs doublets, have been omitted.'® The boundary conditions at the GUT scale for the
superpotential couplings and mass parameters are:

y>

Au =Y, Ae = )\Z; =sinfyh, Ae = Mg = cos Oy,

fx=f fooX=AANZZXX VVOT,SI,Sd,

oA = cos’ Opo, OA =0, or =o0g = cosfgo,

My = Mpe = hVy, (D.2)
where the Higgs mixing angle 0y is defined by eq. (B.3), and Vj is the vev of the SU(5)
singlet component of the 16. We did not write boundary conditions for the masses of
the 54 components, since, as discussed in appendix C, they are assumed to be split by

operators not included in the superpotential (2.3).
The soft supersymmetry breaking terms for the SO(10) fields are defined by:

— Lot = (m2:);:16716; + (m?,);;10°10; + m? 16*16+m2 10*10+m2 54*54
f 16/ij +9; 19 10/i5 +Y4 16 10 54

1
+<2(A )ij16;16,10+ (A);;16,10,16+ - (Af)wm 10,54+ L4,1010 54+hc>

+ <§M1/2)\a)\a + hC) s (D3)

where we used the same notation for the chiral multiplets and for their scalar components,
A% are the SO(10) gauginos, and we omitted the B-terms. The soft terms of the SM

13Similarly, the interactions of the 54 components with GUT-scale masses should not appear in eq. (D.1),
nor in the RGEs.
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components are given, at the GUT scale, by the following boundary conditions:

m? = w2 = m2T = m} = mi = ml,
2 2T 2 2T 2

my = Mge —mL—ch =M,
2 .2 2

my, = m10H , mhd = cos’0y m10H+ sin“0p mig,, , (D.4)

m§(:m§4 for X = AN Z Z,%,%,8,T,0,V,V,
My =My = Ms = M.

The boundary conditions for the A-terms, not included in the above list, are analogous to

the ones for the corresponding Yukawa couplings. One has for instance:
A, =4, A.=AT =sinfgA,, A.=Az=coslpA, . (D.5)

In the numerical study of section 5, we solved the 1-loop RGEs for all superpotential
couplings and soft terms below MguyT. For brevity, we only list below the RGEs for the
MSSM parameters, which are sufficient for a leading-log analysis of flavour-violating effects.
Let us first recall the 1-loop RGEs for gauge couplings and gaugino masses:

d 1
- = ——b,, b, = — a T.(R), D.
= %a 5 3C5(Ga) + > Tu(R) (D.6)
d 1

= Ma = 5—bactaM,, (D.7)

where ¢ = log(u/110), p being the renormalization scale and pg a reference scale, Cy(G,) is

the second Casimir invariant of the group G, T,(R) is the Dynkin index of the represen-

tation R, and the sum in b, runs over all chiral superfields with mass smaller than pu.
The 1-loop RGEs for the MSSM Yukawa couplings are:

,d o
(4m)’ 2 = A, <3)\L)\u + AN +)\Il)\d> Ty <3)\UAL> A
3 3 3 3 16
# (el + gplosl® + 3ol ) A (30t + 38+ T ) s (D)
(4722 A0 = A (BAAG+ A+ 33 A0 ) + Tr (3] + Aaf + AL + 3324 ) A

+<foz‘|‘fov+2f2f2+ fOfo+ dede> Ad

3 7 16
+ 1 ’O'T’ + ’US’ + 3 IUA\ ))\d - <1591 +3g2 + 3 g§> Ae, (D.9)
d NI S0 A A
(4m?re = (3] 3A6A1> Ao+ T (3AaA] + A + AL +33441) Ac

+&@ﬁm+3&&+%wwfﬁﬁ+%ﬁhj
+ (vl + g5 losl® + 31oal) A = (3ot + 362 ) A (D.10)
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The 1-loop RGEs for the MSSM soft sfermion masses are:

d
(4m?2m? = (m2A A + A dam? + 220 m? | + 2AimZeA, +24]A, )

(m2AAG + Adam? + 20 Aam, + 2\m A + 24]4,)
o+ (m2NAa+ AAam? + 221 gm3, + 28mbeAa + 24]4,)
2 32 1
(g510alat + o0t} + 101 — 5ot ) (D.11)

d
(4m)*Zmie = 2 (m3 AN+ AaAmie + 2Aa\m, + 22miN] + 2AdAjl)

+ <m§c F2fb + frfhm2e + 2f 2 fhmY + 2fsml £l + 24, A}Z>
+2 (mchzf; + fofkmi + 2fs flmd + 2fsmil 1L+ 245,41,

+ (M3 Tsu b, Fsuflymie + 205,05 m3 + 2fs,mZ 1k, + 245, AL )

4
+ 5 (miefo sl + fofbmie + 2fofbmb + 2fom¥. 1l + 247, 4},

(e fu £+ fo flomie + 2y i+ 2fum £+ 24, 4%)

39 2
=M e IMslzg:? - 39?S> ,

(D.12)

+2 (m3epeda + Adkmil . ) - ( 8

d
() S =2 <m§CAuAL + AL m2e 4 20 m2 4 22, m2Al + 2AuAL>

32
( Mgt + = |M3| 95+ 91S> (D.13)

d
(4m)? S = (m%Aer + AAm? + 20 Am? | + 20 m2 A + QAZAE)

+

(mishsa + SR Sam? + 208 famd + 2fkmiT fa + 241 4y,

+

mEfL Sz + [ famd + 2} famd + 205 m3 f7 + 241, Ay, )

+
=l WwNdwN | W

(mi sl o + £l fomt + 2fL fom} + 2flmi fo + 245 Ay, )

(ml foT + foTml + 2foTmT + 2me T fr + 2AT AfT>

_l’_

_l’_

<m12f§lfsl + f;fslm? + 2f;fslm% + 2f§lm%Tst + 2AT Afsl)

> Bl e

+
y>

/N N

6
empy +mip AL ) <5|M1|29% + 6| Ma|?g5 + 915> (D.14)

[\)

(477)2%77136 - 2NN+ AAIME + 20 AIm] + 20 emPA] + 2A6A;>

me
+2 (m2 AL+ Achlm? + 28 A2, + 280m3 AL + 24, A1)

tj

(
2
<E4|M1| g1 — —9?5> (D-15)
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where the hypercharge D-term contribution S is given by:

S = m%u — m%d + Tr(—m} + m2 — 2m2. + m2 + mg) + Tr(—m?2 + mhe + m% - m%c)

+ 3(m2A — mQA) + (m2Z — mQZ) + 4(m22 — m%) + 5(m%/ — m%—,) . (D.16)

The mixing terms m?lc ped™ D¢ + m?Ll*L + h.c. appearing in the RGEs for mflc and ml27

although absent at MgyT, are generated by the RGE evolution and must be included for
consistency.

Finally, the 1-loop RGEs for the MSSM A-terms are:

d in A
(4m)? = A, =A, (5AL>\U+AL>\d+>\T>\d> +4)\u>\LAu+2>\u ()\TAd+>\TAd)
+Tr <3>\UAL> Au+< o7 |? +— |os|? +3 |0A| ) u
+Tr <6AUAL) Au+ <§A0TU}+1—0A050§+3A0502> A
13 , 16
d TN PPN
(4m)? = Aa =Aq <5ATAd+ALAu+5AUd) A AgH2) (ALAquzA;Ad)
<foz+fov+2fEfz+ fOfo"’ dede) Ad
+ <2Afzf}+2Afvf\T/+4Afzf;+gAfofg+EAfsdfg'd> Ad

+Tr <3/\d/\2+>\e/\l+5\e5\l+35\d5\2) Ad+< lor|? +20 \as\ +2 \aA\ >Ad

+2Tr (3AdA2+A6AZ+AeXZ+3Ad5\2) )\d—}—<§AOTU§~+EAOSU§+3A0AUZ> Mg

7 16
+ 1598 (2Mida—Aq)+3g3 (2Mada — Ag)+ 563 (2MaAa—Aa), (D.18)
(4L A, =4 (MM +3AL) 454NN + 54

+Ae< FAIAt S Fh o Fl ot s Pt fslfsl>

+ e <3fAAfA+3f}Afz+3fTAfv+ f}AfTJr f;Afsl>
+Tr<3)\d)\zl+)\e)\l+5\65\1+35\d5\2) Ae+< o +55 \as\ +— \UA\> e
+2Tr (3AdAg+AeA1+Aexg+3Adig)A <AJTUT+ AJSUS+3A0AJA>A

208 (2MA— 44363 (2D~ A,). (D.19)
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